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Szego theorems for truncated Toeplitz operators



CONTENT OF MY TALK

Today I will be talking about some very classical objects :

TOEPLITZ OPERATORS; TOEPLITZ MATRICES ; AND
CIRCULANT MATRICES
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CONTENT OF MY TALK

Today I will be talking about some very classical objects :

TOEPLITZ OPERATORS; TOEPLITZ MATRICES ; AND
CIRCULANT MATRICES

and how the Classical Szego theorem uses the circulants to establish a
relationship between the symbol of a Toeplitz operator and the
spectrum of a sequence of ’approximating’ Toeplitz matrices...

then about objects that have aroused a lot of interest recently :

TRUNCATED TOEPLITZ OPERATORS a.k.a. TTO’s and CLARK
OPERATORS

and a new 'Szego Theorem’ that Dan Timotin, Mohamed Zarrabi and
I established recently (J. Approx Theory, Aug 2017) by using Clark
operators and Sedlock algebras (which generalize circulants) to
establish a relationship between the symbol of a Toeplitz operator and

the spectrum of a sequence of ’approximating” TTO’s.
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Our operators will be working on a variety of spaces :
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(1) The Hilbert space P,, = the polynomials of degree < n equipped
with the usual inner product inherited from C";
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CLASSICAL TOEPLITZ OPERATORS AND MATRICES

Our operators will be working on a variety of spaces :

(1) The Hilbert space P,, = the polynomials of degree < n equipped
with the usual inner product inherited from C" ;

(2) H? the Hardy space viewed as (1)the closed subspace of functions
of L?(T) of functions whose negative Fourier coefficients are equal to
zero = (%(N) with the usual inner product = the set of holomorphic
functions on D of the form :

{f= Zanz”, Z ‘an‘Q < +oo}.

n>0 n>0

using the (well defined) map taking such a function to its boundary
values (which exist almost everywhere).
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Our operators will be working on a variety of spaces :

(1) The Hilbert space P,, = the polynomials of degree < n equipped
with the usual inner product inherited from C" ;

(2) H? the Hardy space viewed as (1)the closed subspace of functions
of L?(T) of functions whose negative Fourier coefficients are equal to
zero = (%(N) with the usual inner product = the set of holomorphic
functions on D of the form :

{f= Zanz”, Z ‘an‘Q < +oo}.

n>0 n>0

using the (well defined) map taking such a function to its boundary
values (which exist almost everywhere).

(3) Model spaces ; or orthogonal complements in H? of shift invariant
subspaces (including (1)).
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CLASSICAL TOEPLITZ OPERATORS

A classical Toeplitz operator (on H?) is usually viewed in one of two
ways :
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CLASSICAL TOEPLITZ OPERATORS

A classical Toeplitz operator (on H?) is usually viewed in one of two
ways :

(1) As a matrix with constant diagonals which represents a bounded
operator on ¢?(N).
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CLASSICAL TOEPLITZ OPERATORS

A classical Toeplitz operator (on H?) is usually viewed in one of two
ways :

(1) As a matrix with constant diagonals which represents a bounded

operator on ¢?(N).

(2) As the composition of a multiplication operator M, on H? with
the orthogonal projection from L? to H? - which can be shown to be
bounded if and only if ¢ is a bounded function. In this case the
matrix can be written :
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CLASSICAL TOEPLITZ MATRICES AND CIRCULANT

MATRICES

A classical Toeplitz matrice is, of course, an nzn matrix with constant
diagonals ; which can be interpreted as a compression of a Toeplitz
matrix to the orthogonal complement of 2"~ ! H?
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CLASSICAL TOEPLITZ MATRICES AND CIRCULANT

MATRICES

A classical Toeplitz matrice is, of course, an nzn matrix with constant
diagonals ; which can be interpreted as a compression of a Toeplitz
matrix to the orthogonal complement of 2"~ ! H?

A particularly interesting type of Toeplitz matrix is called a ’circulant
matrix’. These are matrices of the form :

ap aq a9 s Qp,
anp apg air - Ap-1

O(ao,al,m}an) = (1)
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A classical Toeplitz matrice is, of course, an nzn matrix with constant
diagonals ; which can be interpreted as a compression of a Toeplitz
matrix to the orthogonal complement of 2"~ ! H?
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ag ay a2 - QA
an, apy a1 - OGp—1
— Ay — a a s Ay —
Clag,ar,a) = | 7t O 10 =2 (1)
ai a2 e An,

6/23
Szego theorems for truncated Toeplitz operators



CLASSICAL TOEPLITZ MATRICES AND CIRCULANT

MATRICES

A classical Toeplitz matrice is, of course, an nzn matrix with constant
diagonals ; which can be interpreted as a compression of a Toeplitz
matrix to the orthogonal complement of 2"~ ! H?

A particularly interesting type of Toeplitz matrix is called a ’circulant
matrix’. These are matrices of the form :

ap aq a9 s Qp,
anp apg air - Ap-1
— Ay — Q. a, s Ay —
Clag.ar,ay) = | 7t On 00 =2 (1)
ai a2 e Qp ag

The most well-known circulant which interests us is the 'perturbed
shift’ | of the form above, with a,, = w with |w| = 1 and all other
entries equal to zero.
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THE PERTURBED SHIFT

Here is the perturbed shift S :

0o .. 0 1
1 0 0

§ ®)
0 1 0
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THE PERTURBED SHIFT

Here is the perturbed shift S :

0o .. 0 1
1 0 0

§ ®)
0 1 0

And it is easy to see that :

s 2k
(1) The eigenvalues of S; are the (n)th roots of unity (; = e*™» with
eigenvectors (1, (g, (7, ,?_1)7" and that ;
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THE PERTURBED SHIFT

Here is the perturbed shift S :

0o .. 0 1
1 0 0

§ ®)
0 1 0

And it is easy to see that :

s 2k
(1) The eigenvalues of S; are the (n)th roots of unity (; = e*™» with
eigenvectors (1, (g, (7, ,?_1)7" and that ;
(2) The general circulant matrix is just p(S;) where p is the
polynomial p(2) = ag + an_12 + an_22""1 + ...a; 2" ! (the Toeplitz
symbol of the matrix) and so :

n—2
2k

trace(Clag,ay,- an_1)) = Z p(einf1 )

k=0

1 . . .
and so —<trace(Cag,ay, ,a,_,)) is a Riemann sum for the function

p(z) around the unit circle.
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NOTATION FOR THE GRENANDER-SZEGO THEOREM

These observations - along with a nice way of approaching Toeplitz
matrices by circulant matrices can be used to prove the
Grenander-Szego theorem - we give a little necessary notation to be
able to write the theorem.
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NOTATION FOR THE GRENANDER-SZEGO THEOREM

These observations - along with a nice way of approaching Toeplitz
matrices by circulant matrices can be used to prove the
Grenander-Szego theorem - we give a little necessary notation to be
able to write the theorem.

Let T, be a Toeplitz operator with symbol function ¢ € L*°(T). For
each n € N we write T),(¢) for the n x n Toeplitz matrix

(@i = 5))o<ij<n—1

H0)  G-1) - p(en—1)
$(1) ' ' '
pn—1) ¢n-2) - @)

and m for normalized Lebesgue measure on the circle.
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THE GRENANDER-SZEGO THEOREM

Theorem [U. Grenander-G. Szego] :
We have

1 n 27 .
lim =S \e(Ta(e))? = VP (¢
Jm 1S (T(2) | etetyame)
where A\ (T, (), k= 1...n, are the eigenvalues of T, ().

Moreover when ¢ is a real valued function then for every continuous
function f on [inft ¢, supy @],

I IS FOuT) = [ (7o 9)edm),
k=1 0
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OUR SZEGO THEOREM

My work with Dan Timotin and Mohamed Zarrabi was a
generalization of the Szego type procedure ; we ’approach’ the
spectrum of our Toeplitz operators by Truncated Toeplitz operators
using an ’approximation’ of the TTOs by elements of what are called
Sedlock algebras. This was the clear thing to do, once we realized that
the Sedlock algebras were the TTO generalization of circulant
matrices.
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My work with Dan Timotin and Mohamed Zarrabi was a
generalization of the Szego type procedure ; we ’approach’ the
spectrum of our Toeplitz operators by Truncated Toeplitz operators
using an ’approximation’ of the TTOs by elements of what are called
Sedlock algebras. This was the clear thing to do, once we realized that
the Sedlock algebras were the TTO generalization of circulant
matrices.

We recall the definitions :

Definition :

Let u be an inner function and let K, = H? & uH? be the model
space associated with u. A truncated Toeplitz operator is an operator
T.lp] : Ky — K, defined by

Tule)(9) = Pulpg),

where P, is the orthogonal projection on K.
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My work with Dan Timotin and Mohamed Zarrabi was a
generalization of the Szego type procedure ; we ’approach’ the
spectrum of our Toeplitz operators by Truncated Toeplitz operators
using an ’approximation’ of the TTOs by elements of what are called
Sedlock algebras. This was the clear thing to do, once we realized that
the Sedlock algebras were the TTO generalization of circulant
matrices.

We recall the definitions :

Definition :

Let u be an inner function and let K, = H? & uH? be the model
space associated with u. A truncated Toeplitz operator is an operator
T.lp] : Ky — K, defined by

Tule)(9) = Pulpg),

where P, is the orthogonal projection on K.

and, of course, Toeplitz matrices are TTO’s acting on K ».
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TTO CIRCULANTS

The intuitive idea behind all this is that a perturbed shift on C™ or
‘P, is obtained in the obvious way by adding a rank 1 operator to the
shift to make it unitary :

Up=S+wl®:z""1
where |w| =1 and :
(w@ 2" (f) =<wf, 2"t >1
unitary because the shift kills’ z"~! and its adjoint ’kills’ constants

-and the perturbation remedies this. All rank one unitary
perturbation of the shift are of this form.
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TTO CIRCULANTS

The intuitive idea behind all this is that a perturbed shift on C™ or
‘P, is obtained in the obvious way by adding a rank 1 operator to the
shift to make it unitary :

Up=S+wl®:z""1
where |w| =1 and :
(w@ 2" (f) =<wf, 2"t >1
unitary because the shift kills’ z"~! and its adjoint ’kills’ constants

-and the perturbation remedies this. All rank one unitary
perturbation of the shift are of this form.

The operators called Clark operators generalize this idea to model
spaces. These operators are rank 1 perturbations of the compression
of the shift to the model space K, the operator S, = T,[z].
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CLARK OPERATORS

For an arbitrary inner function u, 1 is replaced by

ko(z) =1 — u(0)u(z)

and 2"~ ! is replaced by

u(z) — u(0)

KQ(Z) = >

so that our perturbed shift. called a ’Clark operator’ is of the form :

S¥ = S, + w(ke ® Ko)
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CLARK OPERATORS

For an arbitrary inner function u, 1 is replaced by

ko(z) =1 —u(0)u(z)
and 2"~ ! is replaced by

u(z) — u(0)

KQ(Z) = >

so that our perturbed shift. called a ’Clark operator’ is of the form :

S¥ = S, + w(ke ® Ko)

Each Clark operator S}’ is associated with a Clark measure dul, on
the unit circle II such that S;7 is unitarily equivalent to multiplication
by z on L?(u)
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SIMPLIFICATION

In general the easier way to work with a model space K, is to begin
by assuming that u(0) = 0 so that ko = 1 and Ky = %, then using the
Crofoot transform to transfer the results to arbitrary inner functions.
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SIMPLIFICATION

In general the easier way to work with a model space K, is to begin
by assuming that u(0) = 0 so that ko = 1 and Ky = %, then using the
Crofoot transform to transfer the results to arbitrary inner functions.

For the rest of this talk I will treat the case u(0) = 0; the
generalization is straightforward.

13/23
Szego theorems for truncated Toeplitz operators



FINITE BLASCHKE PRODUCTS : EIGENVALUES AND

EIGENVECTORS OF S5

What is really nice is that, as in the circulant case, if B is a Blaschke
product of order n then :
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FINITE BLASCHKE PRODUCTS : EIGENVALUES AND

EIGENVECTORS OF S5

What is really nice is that, as in the circulant case, if B is a Blaschke
product of order n then :

(1) The eigenvalues of S§ are simply the solutions of B(z) = a which
we shall call {£,---£5} and the eigenvector associated with £ is the
reproducing kernel k?,i} in €8 ; this kernel * function k‘g is defined by :

1— B(¢)B(z)

kEB(Z) B 1-¢&2
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FINITE BLASCHKE PRODUCTS : EIGENVALUES AND

EIGENVECTORS OF S5

What is really nice is that, as in the circulant case, if B is a Blaschke
product of order n then :

(1) The eigenvalues of S§ are simply the solutions of B(z) = a which
we shall call {£,---£5} and the eigenvector associated with £ is the
reproducing kernel k?,i} in €8 ; this kernel * function k‘g is defined by :

1-B(¢)B
1-¢2
(2)The Clark measure associated with S is the measure

n

B 1
= /7(5 o4
b = 2 T

k=1
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GENERALIZATION OF CIRCULANTS - FINITE

BLASCHKE PRODUCTS

Now ; if a function f is applied to S the eigenvalues of of f(5%) will
be (f(&2))7_, and so the trace of f(S%) will be Y_7_; f(£2)). Thus

27
trace—- f(S%) should be / fduB.
|B | 0

Szego theorems for truncated Toeplitz operators



GENERALIZATION OF CIRCULANTS - FINITE

BLASCHKE PRODUCTS

Now ; if a function f is applied to S the eigenvalues of of f(5%) will
be (f(&2))7_, and so the trace of f(S%) will be Y_7_; f(£2)). Thus

27

1
traceﬁf(S%) should be fduB.
0

And, in 2011, Nicolas Sedlock, a student of Richard Rochberg wrote a
thesis where he showed that the idea of circulants generalizes to
truncated Toeplitz operators. He showed that, for any inner function
u with «(0) = 0, the maximal subalgebras of K, are of the form BY |
where A € BY if and only if :

Tulp + au(¢p — ¢(0))] for some ¢ € K.
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AN EASIER INTERPRETATION OF SEDLOCK ALGEBRAS

In order to obtain our results, we viewed these operators in a different
way :

Let B be an arbitrary inner function stisfying B(0) = 0. Suppose that
T =Tg[p+ au(p — ¢(0))] € BS. Then the function ¢ has radial limits
almost everywhere with respect to p, and, if we denote the limit
function by ¢* then ¢* € L (uy) and T = ¢*(S%).
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AN EASIER INTERPRETATION OF SEDLOCK ALGEBRAS

In order to obtain our results, we viewed these operators in a different
way :

Let B be an arbitrary inner function stisfying B(0) = 0. Suppose that
T =Tg[p+ au(p — ¢(0))] € BS. Then the function ¢ has radial limits
almost everywhere with respect to p, and, if we denote the limit
function by ¢* then ¢* € L (uy) and T = ¢*(S%).

Thus we see that :

If p1o is an atomic Clark measure associated with S with support the
sequence (&,) and T = Tg[¢ + B(é — ¢(0))] then

27
)= [ ¢ @)l

1
Trace(TP) Z o*(&,)and so Trace(B 1P
0
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GENERALIZED CIRCULANTS

All of this means that the same type of proof can be used to obtain a
Szego theorem for TTOs. For a general sequence of inner function

U, = uj...up the factor 1/n becomes the complicated operator A%
defined below, and then the question is, which type of sequences
(urusg...uy,) can replace the sequence (2").
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GENERALIZED CIRCULANTS

All of this means that the same type of proof can be used to obtain a
Szego theorem for TTOs. For a general sequence of inner function

U, = uj...up the factor 1/n becomes the complicated operator A%
defined below, and then the question is, which type of sequences
(urusg...uy,) can replace the sequence (2").

Again writing k¢, for the reproducing kernel of K, at the point () we
define the operator :

1 KGR
AY = L <
z:: |’ (G ) (k? I NIk

k k
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GENERALIZED CIRCULANTS

All of this means that the same type of proof can be used to obtain a
Szego theorem for TTOs. For a general sequence of inner function

U, = uj...up the factor 1/n becomes the complicated operator A%
defined below, and then the question is, which type of sequences
(urusg...uy,) can replace the sequence (2").

Again writing k¢, for the reproducing kernel of K, at the point () we
define the operator :

1 KGR
AY = L <
z:: |’ (G ) (k? I NIk

k k

The condition needed to have the Szego theorem for a sequence (B,,)
replacing (2") is to have lim,, , [[A% || — 0, (easily verified by (2"))
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THE MAIN THEOREMS - NON BLASCHKE CASE

|
.
o

Theorem 1[Strouse, Timotin, Zarrabi|

Suppose that A; € D, j > 1 and > (1 — |);|) = oo. Define, for n > 1,
By, = [Ij=, by, , where by, (z) = %ﬁig—; is the Blaschke factor
corresponding to A. Then for ) € C(II) and p € N we have :

(i)

Te(Ts, [|B1 1(Ts —>/¢Pdm

If the function ) is real-valued then, for every continuous function g
on [inf ¢, sup 1] we have :
(i)

1
B,

T(Ts, [ 19(Ts, [0])?) — / g0 P dm.

This theorem works because, if (\;) is a Blaschke sequence, then
lim,, o [|A% || = 0.
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THE MAIN THEOREMS : BLASCHKE CASE

Theorem 2 [Strouse, Timotin, Zarrabi] :

Suppose that o € II, ();) is a Blaschke sequence, B,, = II}_,b), and
B =1I2 by, . Suppose also that lim, o [|A% || — 0. Then, if
Y € (Kpy + Kpy)ob_y, for some k, N and p € N we have :

Trace(AS, (Ts, [W))7) — / Py,
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WHEN IS OR ISN'T THE HYPOTHESIS ||A% || — 0

SATISFIED 7

To see that the hypothesis is satisfied when the sequence is not
Blaschke, we notice that :

1
|A%, || = sup

1<j<n B¢

so that a sufficient condition for [|A% || — 0 would be
inf{|B],(¢)| : ¢ € T} — oo. And since, for all ¢ € T we have

n

BLOIZ 5 30~ D).

Jj=1

we see that if Zj(l — |Aj]) = oo then [[AS || — 0.
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WHEN IS OR ISN'T THE HYPOTHESIS ||A% || — 0

SATISFIED 7

To see that the hypothesis is satisfied when the sequence is not
Blaschke, we notice that :

1
|A%, || = sup

1<j<n B¢

so that a sufficient condition for [|A% || — 0 would be
inf{|B],(¢)| : ¢ € T} — oo. And since, for all ¢ € T we have

B0 230 ).

Jj=1

we see that if Zj(l — |Aj]) = oo then [[AS || — 0.

When () is a Blaschke sequence, the situation is more complicated.
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TWO EXAMPLES

Example 1 :(WHEN SZEGO HOLDS) Let();) to be the sequence of
points in D obtalned by choosing on each (31rcle of radius r,, =1 — —4
a number of m? equidistant points. Then ();) satisfies the Blaschke
condition, (32(1 —|\]) = Y. m?(1/m*) < o but a concrete
calculation shows that ||A% || — 0 is true, and so the conclusion of
theorem 2 holds. '
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TWO EXAMPLES

Example 1 :(WHEN SZEGO HOLDS) Let();) to be the sequence of
points in D obtalned by choosing on each (31rcle of radius r,, =1 — —4
a number of m? equidistant points. Then ();) satisfies the Blaschke
condition, (32(1 —|\]) = Y. m?(1/m*) < o but a concrete
calculation shows that ||A% || — 0 is true, and so the conclusion of
theorem 2 holds. '

Example 2 : A straightforward recursive construction gives a Blaschke
sequence (> (1 — |Aj]) < 00), an integer N, and a function
Y € Kp, + Kp, such that

Te(Ap, T, [0]) / dub.

In other words, if condition [|A% || — 0 is not satisfied, then the
assertion (ii) in the above theorem is not necessarily true.
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FINAL COMMENTS - WHAT’S NEXT 7

We would like to get some characterizations of Blaschke sequences for
which Szego type results hold. And figure out how to analyze
eigenvalues of big Toeplitz operators using our results. Finally, it
would be interesting to obtain a Szego type result for singular inner
functions.
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Thanks for your attention !
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