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ODE 1O TOM

There once was a function theorist named Tom
whose colleagues thought he was ”da bomb”
Though deep is his head

he confused the letter z with ’zed”

the final proof was done with aplomb
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Found in any linear algebra book

For a Hilbert space H:

I+ 317+ lx =y l1* = 2(IIxI1* + lylI*),  x,y € 3.
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Found in any linear algebra book

For a Hilbert space H:

I+ 317+ lx =y l1* = 2(IIxI1* + lylI*),  x,y € 3.

Theorem (P. Jordan/J. von Neumann — 1935)
If X is a Banach space such that

I+ y1I* + llx = ylI* = 2(Ix[* + [Iy[*), xy€X,

then X is a Hilbert space with

(x,y)x = g (Ix +y* +illx+iy ] = [Ix - y|* - ilx - iy[]?).

v
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Inspiration

Theorem (Clarkson - 1936)
For LP = LP(Q, %, u):
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Inspiration

Theorem (Clarkson - 1936)
For LP = LP(Q, %, u):

1F + 970 + 1 = gll7e = 22 (1170 + lglZe), e (1,2,

1F + gl + 1 = gll7, <2271 (110 + llglZs), € [2,00)
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Definition (Bynum, Drew, Cheng, Harris)

A Banach space X satisfies the r-lower weak parallelogram law with constant
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Weak Parallelogram laws

Definition (Bynum, Drew, Cheng, Harris)

A Banach space X satisfies the r-lower weak parallelogram law with constant
C (X is r-LWP(()), if

Il +yl" + Cllx = y|I" <27 (IIxlI" + Iy "), x,yeX.

Similarly, X satisfies the r-upper weak parallelogram law with constant C' (X
is -UWP(C)), if

Ix+yl"+ Cllx =yl > 2" (IxI" + Iy["), xyeX

Observe that 0 < C < 1in r-LWP(C) and C' > 1 in 7-UWP(().
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Theorem (Cheng-Mashreghi-R - 2017)

r—r/p p\r/p _ r
Cppi= inf 2 PAT O+
g 0<t<1 (1=t
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Theorem (Cheng-Mashreghi-R - 2017)

/P14 )P (14 g)T
Cor = 28, (1—t)r ‘

Ifp € (1,2] then LP is:

r-UWP(1) when r € (1,p];
r-LWP(C,, ) when 1 € [2,7/];
r-LWP(1) when r € [p’, 00).




Theorem (Cheng-Mashreghi-R - 2017)

A VO

Cp,r = ()gl}il (1 . t)r

Ifp € (1,2] then LP is:
r-UWP(1) when r € (1, p|;

r-LWP(C,, ) when 1 € [2,7/];
r-LWP(1) when r € [p’, 00).

Ifp € [2,00) then LP is:

r-LWP(1) whenr € [p,00);
r-UWP(CI;pT,/,p,) when r € [p/,2];
r-UWP(1) whenr € (1,p]
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Theorem (Cheng-Mashreghi-R - 2017)

or="/p(1 L $P\/P — (1 & ¢)T
Cpr = inf (L4877 - A+
J 0<t<1 (1=t

Ifp € (1,2] then LP is:

r-UWP(1) when r € (1, p|;
r-LWP(C,, ) when 1 € [2,7/];
r-LWP(1) when r € [p’, 00).
Ifp € [2,00) then LP is:
r-LWP(1) whenr € [p,00);
r-UWP(CI;pT,/,p,) whenr € [p',2];
r-UWP(I) when r € (1, /]

The weak parallelogram constants are optimal.

T
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Duality

Theorem (Cheng-Harris — 2013)
Xisp— LWP(C) < X*isp' — UWP(C~?/P).
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Duality

Theorem (Cheng-Harris — 2013)
Xisp— LWP(C) < X*isp' — UWP(C~?/P).

Xisp— UWP(C) < X*isp' — LWP(C~?'/P).
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Hilbert space

Definition
Two vectors x,y in a Hilbert space J{ are orthogonal if

<X7 y> =0.
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Definition
Two vectors x,y in a Hilbert space J{ are orthogonal if

<X7 y> =0.
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Hilbert space

Definition
Two vectors x,y in a Hilbert space J{ are orthogonal if

<X7 y> =0.

2= {(ak)k>0 : Z |ak|2 < oo}

k>0

alpb «— Zakaz().
k>0
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Birkhoff-James orthogonality

Definition

Two vectors x and y (in this order) in a Banach space X are orthogonal in the
Birkhoff-James sense, and write x Ly y, if

[x +tyll > |x|| vteC.
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Birkhoff-James orthogonality

Definition

Two vectors x and y (in this order) in a Banach space X are orthogonal in the
Birkhoff-James sense, and write x Ly y, if

[x +tyll > |x|| vteC.

Theorem (Birkhoff-James - 1947)

P o= {(ak)k>0 g Z lax|P < OO}

k>0

v
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Birkhoff-James orthogonality

Definition

Two vectors x and y (in this order) in a Banach space X are orthogonal in the
Birkhoff-James sense, and write x Ly y, if

[x +tyll > |x|| vteC.

Theorem (Birkhoff-James - 1947)
= {(@)rso Y laxl? < oo}

k>0

alpb <— Z |ak|p_2a_kbk = 0.
k=0

v
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Birkhoff-James meets Pythagoras

In a Hilbert space we have

xLy = [x+y|*= x>+ [y]*
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Birkhoff-James meets Pythagoras

In a Hilbert space we have

xLy = |x+yl*=|x|” + Iyl

Theorem (Cheng-R. - 2015)
If X isp— LWP(C), then

C
[1x||” + ﬁﬂ}’Hp <lx+ylP, xLlxy.

&




Birkhoff-James meets Pythagoras

In a Hilbert space we have

xLy = [x+y|*= x>+ [y]*
Theorem (Cheng-R. - 2015)
If Xisp— LWP(C), then
P ¢ P < p L
[1x||” + ﬁ”)’H <lx+ylP, xLlxy.

IfIf X isp — UWP(C), then

C
%"+ o= Iy lI” = lIx + ¥y, x Lxy.
2r—1 —1

v
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An idea of Beurling

Definition
If Sf = zf on H? we say that J € H?\ {0} is inner if

J Ll S™, n=1,2--
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Definition
If Sf = zf on H? we say that J € H?\ {0} is inner if

J Ll S™, n=1,2--

Note that J is inner when

0= /27r |J(ei0)|2e—in0d_9
0

, n=1.
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An idea of Beurling

Definition
If Sf = zf on H? we say that J € H?\ {0} is inner if

J Ll S™, n=1,2--

Note that J is inner when

0= /27r |J(ei0)|2e—in0d_9
0

, n=1.
2

So J is inner precisely when |J| is constant (almost everywhere) on T.
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DIY inner function

Take any f € H?\ {0} and set

~

f=Pspf
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DIY inner function

Take any f € H?\ {0} and set

~

f=Pspf

Then R
J := f — fis inner.
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Inner functions beyond H>

Definition

{ Z anz" (ak)k=0 € fp}

k>0

RIGHMOND

Pythagoras



Inner functions beyond H>

Definition

{ Z anz (ak)k=0 € fp}

k>0

1fller, = 1l(ar)k=0ller-
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Inner functions beyond H>

Definition

{ Z anz" (ak)k=0 € Ep}

k>0

[ ller, == l(an)r=oller-

Theorem (Hausdorff-Young)
& CHY, pell,2).

® D H”, pel2,0)
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Definition
J € 05\ {0} is p-inner if

J J_ep SnJ, n 2 1.
A
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Inner functions in ¢

Definition
J € 0%\ {0} is p-inner if

J J_ep SnJ, n 2 1.
A

DIY p-inner function: f € ¢/, \ {0} and f is the closest point in [Sf] to f,
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Inner functions in ¢

Definition
J € 0%\ {0} is p-inner if

J J_ep SnJ, n 2 1.
A

DIY p-inner function: f € ¢/, \ {0} and f is the closest point in [Sf] to f,

J=f- fis p-inner.
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Inner functions in ¢

Definition
J € 0%\ {0} is p-inner if

J J_EP SnJ, n 2 1.
A

DIY p-inner function: f € ¢/, \ {0} and f is the closest point in [Sf] to f,

J=f- fis p-inner.

Proposition

weD\ (0}, S =1-% — J() = b

4
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Zero sets for ¢

Theorem (Cheng-Mashreghi-R - 2018)
Letp € (1,00) and W = (wy,we,...) CD\ {0}.

.




Zero sets for ¢

Theorem (Cheng-Mashreghi-R - 2018)
Letp € (1,00) and W = (w1, wa,...) C D\ {0}. Define

ISz .




Zero sets for ¢

Theorem (Cheng-Mashreghi-R - 2018)
Letp € (1,00) and W = (w1, wa,...) C D\ {0}. Define

1=, Jni=fun—Jn

ISz .




Zero sets for ¢

Theorem (Cheng-Mashreghi-R - 2018)
Letp € (1,00) and W = (w1, wa,...) C D\ {0}. Define

f@) =T -2), Joi=fa—TFa

Then

Q || J.] e, is monotone increasing with n;




Zero sets for ¢

Theorem (Cheng-Mashreghi-R - 2018)
Letp € (1,00) and W = (w1, wa,...) C D\ {0}. Define
fn(z) = H(l—i>, Ip = fn_f/n\

Then
Q || J.] e, is monotone increasing with n;

@ W is a zero set for (%) if and only if

sup || Jn| g < oo.
n
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Do no harm

Hippocrates (460 — 370 BCE)




Do no harm




Do no harm to H?
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Suppose p = 2, and
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Do no harm to H?
Suppose p = 2, and

Then
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Do no harm to H?
Suppose p = 2, and

k=1 Wk
Then . .
1 W — 2
0= (T4)

(w) k=1 is a zero set for H?
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Do no harm to H?
Suppose p = 2, and

Then

(w) k=1 is a zero set for H?

—

sup || Jn || g2 < o0
n




Do no harm to H?
Suppose p = 2, and

Then

(w) k=1 is a zero set for H?

—

sup HJn“H2 < 00
n

—

n 1 .
sup [ -7 < oe.
[ \wk] -!
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Speaking of finite Blaschke products.....

©2018

- . Finite Blaschke Products and

Jovad Masheeghi-Willam . sy

RrinteBascike Their Connections
Products
and Their Authors: Garcia, Stephan Ramon, Mashreghi, Javad, Ross, William

Connections

Explains connections in complex analysis, linear algebra,
operator theory, and electrical engineering
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A useful tool for examples

Proposition
[ Tnllp = mf{||Fllp : F € €5, F(0) = 1, F(wg) = 0,1 <k < n}. J
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Taking the theorem for a test drive

Theorem (Cheng-Mashreghi-R (2018))
Letp € (1,00) and let (wg)k>1 C D\ {0}. Choose 1y, > 1 such that

Z(l—l><%.

.
k>1 k

If (wg )1 satisfies

D (1 = Jug|"*)™ ! < o0,

k>1

then (wy,)k>1 is a zero set for (.
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Recall that

This means that

e When p € (1, 2], every zero set for £, is a Blaschke sequence
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Recall that
& CHY, pe(1,2]

M D HY, pe2,0)
This means that

e When p € (1, 2], every zero set for £, is a Blaschke sequence

@ When p € [2, 00), every Blaschke sequence is a zero set for £/
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Recall that
B CHY, pe (1,2

* D H”, pel2,0)
This means that
e When p € (1, 2], every zero set for £, is a Blaschke sequence
@ When p € [2, 00), every Blaschke sequence is a zero set for £/

Are the converses true?

RIGIVOND
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1 Tkllp = nf{[|F[l - F' € £, F(0) =1, F(w;) = 0,1 < j < k}.
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1 Tkllp = nf{[|F[l - F' € £, F(0) =1, F(w;) = 0,1 < j < k}.

P 1 22! 222' 1 2’3! 23' 33'
Fi(z) = (1_7“_1> (1_2[%|+ 321}> <1_3[§u+ §3v+ §3u])
k! 2:-k! 3-k! k-k!

1 z z
X+ X 1—E|:T]]:' /rkk'-i_ kk|+ T£k|i|
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Theorem (Cheng-Mashreghi-R (2018))

For each p > 2, there exists a non-Blaschke sequence (wg)i>1 C D, i.e.,

(1 fuwgl) = oo

k>1

; P
that is a zero sequence for I’
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