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We consider the the 1 — d heat equation

%—V:(t,x) gzz(t X) t>0, x€(0,m),
w(t,0) = uo(t), w(t,m) = (1) t € [0,00), M
w(0,x) =0 x € (0,m),
Given T > 0, define the input to state map ($¢)r~0 by
&, (:’2) =w(t,-) (t>0, uy, ux € L?[0,1]),

Problem
Describe the reachable set

Ran®; = {w(fc, -) : w solving the heat equation with uy, uy € L [0,17]}

Ran®; = {w(r,x) =Yn (/0T e”z("*)(uo(c)—|—(—1)"un(c))d6> sin(nx), x¢€ (O,Tt))}

D 4 2/14



Known results

@ Fattorini, Seidman Ran ®- does not depend on time
@ Ran®; C Hol(D) where

D={s=x+iyeC:|y|<xand|y| <m—x}
@ Fattorini-Russel 1971

{\y(x) =Y casin(nx) xe€[0,m]: Y |ca?ne™ < oo} C Ran®,

@ Ervedoza-Zuazua 2012
{w € Hol(S) : w20 (0) = (¥ (z) = o} C Rand;
where
S={s=x+iyeC:ly|<m}.

@ Martin-Rossier-Rouchon 2015
Hol(B) C Ran®,

where
T T (oo
B={seC: |sf§|< Ee(ze) it

@ Dardé-Ervedoza 2016
Hol(Dg) C Ran®,

where D¢ an e-neighbourhood of D .



Theorem

For every T > 0 we have

E2(D) C Ran®; C A%(D)




Fourier series expansion
Writting the solution @ Zo (x) = w(t,x) = L,>1 wn(t)sin(nx), we obtain
T

N (52) (x)= % Y n {/OT "Iy (o) dc] sin(nx)
Y n(—1 ) [/T e”z("*")un(c) dc} sin(nx) (>0, x € (0,m)),

0

Lemma

¢T<“°> (x)_/otaa’ff(r &, x)u(C dc+/ (t—0, X)ux(0) do

Ur

where

(x+2mn
Ko(o,x) = e 4 and Kzp(o,x)=—Kp(o,T—x c>0,xeR
6(6)="\/z5 L x(0.0)=—~Ko(o,m—x) )

v

Proof.
Apply the Poisson summation formula in the Fourier series representation O
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Proof of the Proposition : Ran ®; C A%(D)

N (52) (x) = OT aaf)((o (t—0,x)u(c dc+/ (1—0,x)ur(0) do,

where

“nc o nGZe i and  Ke(G,x) = —Ko(0,x —T)

Ko(o,x)

o (1) 00 = @00+ [ F2(e-0.00u(0)do+ (Fu)(x) + [ 5 (-0 x)un(o) 00

(080 = 5= [ 9 s ana (620~ (-

(t— G
Since there exist a, b > 0 such that for every k € Z\ {—1,0} we have
_(stkm? —bK?.
|(s+km)e o) |~ < ak®el-o) (se D).

It suffices to show that $2u and ¢Fu can be be extended to a function in A%(D)
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A result of Aikawa, Hayashi and Saitoh

Let

T T
A:{ C|—= f}.
seC | g Saes< g

Let o be a positive measurable function on A, then

A2(8,0) = { f € Hol(D) : /D|f(x+iy)|2m(x+iy)dxdy<oo}

Theorem
Fors€ A,t>0andf € L?[0,1] we set

$2

se 4(1: o)
Prf / f 0)vodo.
(Pe)() = 5= ONG
Then P; defines an isometric isomorphism from L2[0,7] onto A%(A, ), where
Re(s?)
wo(s) = &
Corollary

9% € L(L?[0,1],4%(D))



A resul of Levin-Lyubarski
LetO:{s:x+iyeC:|x|<m/2 and |y|<m/2}

ImA  if argh € (w/4,3n/4)
n | —ReA if argh € (3n/4,5m/4),
2 ) —ImA if argh € (5n/4,71/4,
ReA  if argh € (5n/4,m/4).

H() =

We say that an entire function S belongs to the class S if
@ The zero set A of Sis separated : there exists & > 0 such that

inf{|]A—A*| : L,A* €A} >8> 0.
@ There exists K > 0 such that
dist(h, e’ ¥R x e ¥ R) < K.
@ There exists A > 1 such that
1
2 e@dist(z,A) < |S(z)| < AP dist(z,A).
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A resul of Levin-Lyubarski

Theorem

Let A\ the zero set of S € S, the family (€))ycp is a Riesz basis in E?(<O) where

en(s)=ee "M peA seo.

The family (e))en is a Riesz basis for E2(D), if and only if, the operator
Th: E?(D) — 2(N)
ro= (<f’ e7‘>EZ(D))xeA
is bounded and invertible from £2(D) to £2(A).

Corollary
Let A= {(2k+1)(1%1i) : k € Z}. The family (e))rca is a Riesz basis in E?(D) where

ews) = Ms=2)g=H(M) AeN, seC.
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Lemma

lett > 0 and ¢ € E?(D). Then there exists @1 € A>(A, ) and ¢ € A2(n— A, o)
such that
0(s) = @1(s) + 9a(s) (s€D).

here 0y (s) = wo(n—s), fors e m— A.

Proof.
Let ¢ € E2(D), 9 = Yrcn aren

91(s) = F(s) ; ae(s) seA

a(s)=F(n—s) ¥ me(s), sen-A
AeA
ReA>0

we use Hilbert’s inequality to prove required estimates. O
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Proof of the main result
Let

ch e 4% and Ky(0,x) = Ko(0, T — x
( TEGZ ﬂ(’) 0(7 )

We decompose these functions as
Ko(o,8) = A(c,s) + B(o,s), and Kz(o,s) = C(c,s)+ D(o,s),
where

(s+2nm)2

A(c,s) = — - Z e 4 and  C(c,s) = A(c,n—5s)

Denote 94
Racu(s) = / & (t—0,9)Vou(o)do,
0

and similarly introduce Rgr, Rc: and Ap ;.

@ Up _ Pr+ RA,T RC,T Up
‘ Ur Rex Q: + RD,T Urn

where Q:f(s) = Pf(t—s)forsen— A
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Proof of the main result

Lemma

=0.
L(L2[0,1] x L2[0,1] A2 (A 000 ) < A2 (T— A, or) )

lim
T—0+

RA,r RC,‘c
RB,‘C RD,‘C

P+ Rax Rca 2 2 2 2
— 5 5 A — .
o ( Ao Oﬁ-Rm) € L(L?[0,7] x L2[0,n], A%(A, o) x A*(T— A, 0r))

Since
(P‘ 0 ) € L (L2[0,7] x L2[0,1], A(A, wp) x AZ(T— A, o))

0 &
is invertible
RA,‘E RC,‘C -0
RB,‘C RDA: '

Pe 0| _ .
5 )l e om

& is invertible for T small.




Let ¢ € E2(D). Then there exists a decomposition
o(s) = 91(s) + ¢2(s) (se D).

where @1 € A2(A, ) and @2 € A%(T— A, ;). Since ¢y is invertible for some small
T* there exists U, ux € L2[0,7*] such that

(-0

So E?(D) C Ran®;+ and Ran ®. is independent of T > 0.
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Newmann control

ow ’w

E(tﬂx):ﬁ(tvx) tZOaXE(Oan)a
ow ow
So(6,0) = uo(t), 5 (%) = ua() te[0.).
w(0,x) =0 x € (0,m).
Given T > 0, the input to state map is
¢Q’ <Z°> =w(t,") (t>0, uy, ux € L2[0,1]),
T

Corollary

For every t > 0 we have
E?'(D) C Ran®Y c D(D),

where
E?'(D) = {f € Hol(D) : ' € E?(D)}

D(D) = {f € Hol(D) : f € A*(D)}
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