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CESARO OPERATORS

Let o > 0. For = > 0,

Definition

7—2(‘1) (ta) = C; (L2 (R+))

C2 injective, so:
I £ll2.0 = 1€ fllp@sy, € TP ().
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FRACTIONAL integral and derivative

e Define

He—a

=il
we - 7*2(00 (ta) (Ci} L2(R+) iy LQ(R+7.CC_Q)

that is,
W f(z) =2 *[(C2) 7' f] (), fe€TLt),z>0.

Weyl fractional derivative, with inverse

ds
I'(a)

W)= [ (5= 0" g(o)
t
e Thus, 7, (t*):  f, there exist W’ f (0 < 8 < a) and WF a. e. on R,

oo 1/2
1oz = (/ |W“f<z)x“|2dx) .

For 8>a, TP @%) c 7L ) ¢ T2 (%) = Lo(RY).

o T, (t") (W. Arendt); a > 0 (P. J. Miana).
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POINT ESTIMATE

o T, (t*) is a RKH space if o > °E
Vfe T (t*) and z > 0,
_ 1 e _ a—1 [eY
1@ = g5 | =" W Iy

and therefore

IN

1
I'(«)

IN

@ < [ Y ﬁa VW ()l
1

(@)
/oo S Qdy)l/2 </OOO ly“ W f(y)|* dy>1/2

1
o )\/Qifnfn(a)z

olfa<i, T (%) is not a RKH space (later on).
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REPRODUCING KERNEL

Reproducing kernel in Tz(a)(t"‘) ?

f@ = [TWe s -2y i e >0

Assume there exists RK kq (-, ) for 7’2(a)(t"‘):

(@) = (fikal0)) ()2 = /OO W f(y)y Weka(y, z)y>dy

0
Then

oo _ a—1
/ o(y) (M - Waka<y,w>ya> dy = 0,V € C&)(0, 00);
0

y°I'(a)
Hence,
R o N 1
) - W%a(y,z)y” in La(R") <= a > 5
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KERNEL (norm, expressions)

Let o > 1/2.
Set

ga(t,7) = ——

Reproducing kernel of TQ(a)(to‘):

ka(s,t) :/ ga(s,1)gal(t,r) dr; s,t>0.
0

1 1
Ea( )2 o) = == £ > 0.
|| ( )| 2,(a) F(a)2(2a — 1) t >
1 1 min{s, ¢}
ka(t,s) = = Fi{l—0o11 ,——— .
(¢3) F(a)l'(a+1) max{s,t}2 ! ( @ to max{s,t})
a=n €N = For s,t > 0,
n , j
o (5, 8) = 1 min{s, ¢}

— (n+ ) (n—7—1)! méx{s,t}7+1
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BROWNIAN MOTION

e X, : := Gaussian stochastic process s. t.
Cor(Xa,s, Xa,t) = ka(s;?)
e B, := Brownian motion, or Wiener process

Integrated Brownian motion:

t t
B ::/ Bs ds and B, + ::/ Bp_1,sds, n>2.
0 0

t n

t—

B ¢ :/ % dBs (stochastic integration)
0 n!

e For a > 0,

B, fractional Brownian motion (fBM, for short)

( B. B. Mandelbrot - J. W. Van Ness 1968)
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WHITE NOISE

Instead,

t _ a—1
Ny i= / E=9"" 4B, [integrated WHITE NOISE]
0 I'(a)

with

min{s,t} _ a\a—1 t— a—1
Covariance: vq(s,t) :/ (s—w)® (t=v)
0

I'(a)?

Question.-
Relation Nat «— Xa ?

e By change of variable,
Va(s,t) = (st)“*ka(é, %) Vs, t >0
e For v,, n € N, its RKHS is

B,={FeH™?.F90)=0(0<j<n-1)}
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BROWNIAN SPACES

Let D“: Ly(R") — L2(R") be given by

D “G(z) := /Oz(:v - y)fa*lG(y)d—y G € Lo(R™).

I(a)’

Bo = D™(L2(RY)), with [|F||s := [[(D™*) 7" Fl| 2

Set F(®) = (D™*)~1F. Thus,

VF € B, there exits a unique F@ ¢ Lo (R+) such that

@) = [ PO Wl o0

e The mapping
J: f(z) € La(RY) % f G) € Ly(RY)

is an isometric isomorphism.
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FRACTIONAL INVERSION

Let f € TS (t*). Then

Proof.
F) = = 5C) = <x>—% /j(t Lyo-type sy ar
1 °° a—1,a—1 o
_ (a)/l/z(x— Yol gy g
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SOBOLEV-BROWNIAN ISOMORPHISM

Proposition

_ 1
The mapping O : Tz(a)(to‘) — B, given by O f— x* ' f(=) is an isometric
T
isomorphism.

Proof. O, =D “oJou,aW*: 7,7 (t") — Lg(R*) — L2(R+) — B, so that
Ou: [ 2°W f(z) =z~ DWW (L) F =271 f(1) with

[ WG Pde = [ w0
0 0

Va > 1/2, B, is a RKHS with kernel

min{u,v} .
Proof. va(u,v) = /O°° Ou(g(t — )(u)Oal(g(t — ')(v)%; F=1r
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B, PROPERTIES

e Vo, 3> 0,
Opa: F e La(z™P)— 2 PF € Ly(z™%) isometric isomorphism
e Bo o Ly(z™*): F = Oa(f) € Ba, f € TV (),

i1 de
1Py = [ B AP = W lEaey

Mo fli@e = 1F N z@y) = 115,

IA

e Then, if 3 > «,

e

O L
Opa: Bs = T %) S TL (%) £ Ba

’T;a)(to‘) “model”for fBM or White Noise ?

22 May 2018
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HARDY SPACES

- 1/2
o Hardy space Hz(C") :  sup,., (i Jo |F(x+ iy|2dy) < oo

e Paley-Wiener : L: Ly(RT) — Hy(C™") isometry
f— Lf(z) ;:/ f®)e *dt, zeCT.
0

e Dzrbasjan (Sedleckii, 1 < p < o0)
Set H, .,q(C*):  F holomorphic on C* s. t.

- _ 1/2
sup </ |F(relg)|2d7") < oo.
—7/2<0<7/2 0

Then

isometrically.
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HARDY-SOBOLEV SPACES

o T,V(t%) — Ly(RY)

Hardy-Sobolev space of order a > 0:

H{™(C) := L(T77 (¢%)), with £ rger = I llca.2-

e For a = 0, H2(C") is RKHS with K(z,w) = (z +w) " *; z,w € CT.

Proposition

For a > 1/2, H{* (C") is a RKHS with kernel
Kao(z,w) :/ Ga(z,7)Go(w,r) dr, zwe€C*.
0

where ) .
Ga(z,1) :=Cale™™) = i/ %e_z“du,z €Ch,r>0.
0

22 May 2018
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Hardy-Sobolev

Skectch of proof.-

(FIKa(,0) gy = Flw)=L / / we s—(t)) R

ooa o 1 tal—ut
- [ w’f(>;;A et ds = (flhose) o

e Thus look for Kq(:,w) = L(ha,w) such that
s _ p\a—1 _
S*Wha,w(s) = sia/ &eﬂ”tdt
0 I'(a)

[T =0 g dr
= ““$‘l T(o) /; Ty ¢ %72

e Then

e = [ ([ Sl (f] Sy
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The KERNEL

// 1—:1:)‘l YA —z)*t dx dy
(z,w)
F(a) zz+yw

elfa=neN,

Ko(z,w) =
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DESCRIPTION of H{®(C*)

e HZ,(C*) : F holomorphic in C* such that 2"F™ € Hy(CT) for all n € No;

6

Fe) = S /T (A= 2" FO(3) d

= 7(;&)) ei("_l)efr (s — r)"_lF(")(sew) ds, z=re", |6 < /2.

e Hardy’s inequality = F € Ha(CV), ||F|lzy < Mn||z"F™ ||, .

e Complex fractional derivative: n > a >0, F € H?n)(C+),

6
a (71)1'1 /00'6 n—a—1 (n) 6 +
F(z) = ——— A— FY (X)) dA =
were) = s [ 0= (dr, 2=l e

and then ||z°W*F ||z < [|2"F™|s.
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Definition of H? )((C+)

(v

H?a)((CJr):: completion of H(Qn)((Cﬂ in

1z, = =W F |y, F € Hiy).

e Note: ev.: H(za)((CJr) — Hy(Ct) £ € continuous, o > 1/2.

e Laguerre functions; m = 0,1, ...

/2 —1)7
b () 1= e~ /2 mn ( , x>0.
0=5 ()5

Orthonormal basis in L2(R4). Hence,

Lo i= W™ (2™ )

is O. B. of T, (t%).
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SOME preliminary CALCULATION

So,

[P w—) @™ du
L(lm,a)(2) —/1 w  (2z+u)™ 1 (@)

is OB in H{*(Ct) = L(TL (t%)).
e On the other hand,

Bona(2) = ¢ L(Zm,a)(zlz), 2eCHm=0,1,...
is an OB for H(Qa)((C"'):
F e Hy(CH) —» W™ %(27°F) H(Qa)((CJr) isometry

whence B, := W™ (27 *Ll,,) is OB, and

W (L) (2) 2 ) /;’O (u—1)*"1 Quz—-1)" "

IN(e u (2uz + 1)m+1
_ =" 1
= g, Fllma) ().
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EXPLICIT

H{(CT) = Hiy(Ch)

Proof. Forall z,w € CT,

Ky (2,w) = ZBj,a(Z)Bj,a(w):ﬁj;)ﬁ(fj,a)(@)ﬁ(fj,a)(f)

=0
_ 1 /1 /1 (1 —z)* (1 —y)*t dz dy
4wy Jo [(e)? (z/42) + (y/4w)
1 opl —il —il
QI—2)*" (1-y)* dxdy

/ / I'(a) orye - ag (HY)

o Jo Yz 2
e The Laplace transform is an isometric isomorphism from T;‘”(t“) = B, onto

H{M(CH) = HZ,,(C"), where F € H{™(Ct) means: F € Hy(C) and there exists
W< F holomorphic on C* such that z*W*F € Hy(C"), F = W_S(WF).

rad
e Also,

B>a

Héﬁ)((c-&-) H(a)(C+) an Hz((C+)
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ESTIMATING THE KERNEL

1 1 6]
o /0 2+ 1+ 2tcos 20 sing) 1070 =
Then
_ 2cos® yta -y (Q+t)dydt
Ka(z,2) = Y] / / )2 t2 + 1+ 2t cos 20
so that
1 1 2 )
Ka(- 2 —, ifa>1
(2a 1)F(O¢)2 | | = ” ( )” (2a_1)r( ) | |
and
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GO FURTHER

Q.- Composition operators.
Take @ =n € N. Let ¢: C™ — C* be holomorphic.
Characterize ¢ such that
Cp: f € HYV(CY) > fop € H{V(CY)
is well defined.

(Work in progress, with M., S-L. and V. Matache)

Q.- Relation with self-similarity and de Branges spaces.

f—=VXfA), A>0.

Q.- Role of Cesaro operators (boundedness, spectral properties, ... ).
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THANKS

THANK YOU FOR YOUR ATTENTION

(see all tomorrow for dinner)
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